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Abstract 
The paper gives an algorithm for the analysis of systems with unilateral constraints through the finite element method in the form 
of a classical mixed method. Given that both displacements and forces are variables in the system of governing equations, the 
procedure for the incremental parametric loading as a part of the analysis of structurally nonlinear systems allows varying the 
respective parameter, tending from «hard» loading based on the load parameter towards «soft» loading based on the displacement 
(configuration) parameter. The efficiency of the algorithm is shown by the example of a beam with unilateral constraints. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
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1. Introduction 
Systems with unilateral constraints are often encountered in engineering practice and are considered structurally 
nonlinear, i.e. systems where the analytical model varies in the process of loading, erection or operation [1-3]. 
The issue of the analysis of systems with unilateral constraints has been a focus of considerable interest since the 
50s of the twentieth century. The simplest cases for which exact solutions can be found were considered as early as 
in the works of I.M. Rabinovich [4, 5]. 
Currently, the analysis of structurally nonlinear systems with unilateral constraints is most frequently carried out 
applying the linear and nonlinear programming methods. 
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The paper of A.V. Perelmuter [6] describes the analysis of a system with unilateral constraints as reduced to the 
quadratic programming problem. 
The paper [7] focused on the analysis of systems with unilateral constraints suggests a direct method of 
successive approximations termed by the authors as the method of compensating loads according to its physical 
meaning. The papers [7-9] by some specific examples show the possible ways of the method application for the 
analysis of systems with unilateral linearly elastic, nonlinearly hardening and softening constraints. Other 
approaches to the problem are proposed in [10-17]. The most comprehensive review of works devoted to analysis of 
systems with unilateral constraints is contained in [7, 8]. 
This paper describes the algorithm for the analysis of systems with unilateral constraints based on the classical 
mixed finite element method [10, 15]. 
Its basic difference from the traditional displacement-based FEM is that the nodal variables of the finite element 
mesh include both displacements and forces. Accordingly, while constructing the system of governing equations, 
instead of the FE stiffness matrix, we use the FE response matrix for the action of each of the variables at unit 
values. 
Such system of governing equations offers broad opportunities for the analysis of the system's behavior both with 
parameters varying and action type varying. 
This means the incremental additional loading parameter can be varied from «hard» incremental additional force 
loading, where the system configuration is determined for each step, toward «soft» incremental additional strain 
loading through setting the system configuration and finding the matching loading. 
The analysis of systems with unilateral constraints as structurally nonlinear systems applying the incremental 
loading procedure requires tracing at each step for gaps filling between the structure and unilateral constraints, for 
changes of the reactions signs in these constraints and for the “detachment” of the structure from the constraints. 
The most suitable method to trace and change the analytical model at the stage following any particular step is the 
classical mixed finite element method. The algorithm for the analysis of bar systems with bilateral constraints 
applying this method is set out in the papers [10, 18, 19]. 
2. Construction of the system of governing equations 
Consider the example of a continuous beam with unilateral constraints subject to a given load (fig.1,ɚ). For this 
beam we determine its stress-strain state after each loading step (configuration and forces) and the final stress-strain 
state upon reaching the specified level of loading. 
 
Fig. 1. (a) beam with unilateral constraints; (b) primary system of the mixed method for the rectangular finite element; (c) ith finite element. 
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The main system of mixed type as applied to the beam under consideration is shown in fig.1,b. Figure 1,c 
separately shows the ith finite element (FE) which is assumed to correspond to the beam section between supports   
(i-1), i. 
The process of the construction of response matrix for such FE together with the matrix structure and analytical 
expressions for its coefficients are provided in [1, 7, 18].  
The system of governing equations for the given beam can formally be presented as two groups of equations – 
equilibrium equations and strain compatibility equations. 
Equilibrium equations are equalities to zero responses in additional constraints introduced to the primary system. 
Strain compatibility equations are equalities to zero mutual displacements of finite elements' cross-sections at the 
cutting points (removal of FE middle contraints). For the ith finite element between nodes (i-1) and i and for the ith 
node. 
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For linearly deformable systems, the resolving equations system is composed of equations (1) and in the matrix 
form is expressed as follows: 
> @^ ` ^ ` 0.A q P     (2) 
Where > @A  is the global response matrix for the entire beam, and ^ `P  is the load impact vector. 
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Where > @r  is the response matrix for the introduced constraints at their unit displacements ( 1iq   ), > @r  is the 
response matrix of the introduced constraints for force variables in the removed constraints of the main system, 
> @TrGª º  ¬ ¼   is the matrix of displacements along the removed constraints at unit displacements of the introduced 
constraints, > @G  is the matrix of displacements along the removed constraints at unit values of force variables in 
these constraints, ^ `pr  is the subvector of responses at the set load in the introduced constraints, ^ `pG  is the 
subvector of displacements along the removed constraints at the set load impact. 
In the expanded form the equations (1) for the beam under consideration (fig.1) are given below: 
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In these equations: 
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, 1i iP   is the load in the primary system reduced to node, ic  is stiffness of the ith elastic support, i' is the gap 
between the beam and the ith elastic support, 
   1
3 1
i iq q   and    
1
4 2
i iq q   are variables pertaining to the same node. 
The problem of determining the geometric configuration of the beam with given elastic unilateral constraints and 
preset load is solved applying the following algorithm. 
1. The statically determinate beam is analyzed with the elastic one-side supports removed (i.e. 0ic  ). The 
system of equations (2) is solved, and the values of linear displacements  3
iq  along the support constraints are 
found. 
2. The obtained values  3
iq  are compared with the values of gaps i' . If some values comply with 
 
3
i
iq '! , then 
these nodes are assumed to have bilateral constraints. 
3. The beam analysis is carried out applying the new analytical model, and the values  3
iq  are found at all the 
nodal points. 
4. The obtained values  3
iq  are checked for consistency with the conditions 
      3 3) , ) 0.i i ii i iɚ q b N c q' '!    !  
5. If condition ɚ) is met, these nodes are assumed to have bilateral constraints, otherwise, the spring stiffness in 
this node is assumed equal to zero (where indicated in the analytical model). 
If condition b) is met, this node is assumed to have a bilateral constraint, otherwise, the constraint is removed, i.e.
0ic  . 
6. The beam analysis is carried out applying the new analytical model. 
7. The cycles are repeated until the beam configuration coincides at cycle (k) and cycle (k+1). 
3. Test example 
The algorithm is verified applying the analysis of a cantilever bar on elastic supports (fig.2,ɚ) for which both the 
analytical solution [2] and numerical solution obtained using LIRA-SAPR software package [20] are known. 
The related main system for the fixed method is shown in fig.2, b. 
 
Fig. 2. (a) beam with unilateral constraints; (b) primary system of the mixed method for the rectangular finite element. 
Subject to the assumed directions of the coordinate axes and the designations of the variables, the system of 
resolving equations is expressed as follows: 
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At the first stage a statically determinate cantilever beam with removed unilateral constraints is considered. By 
solving the system of equations (5) we can find the linear displacements of nodes 2,3,4 (table 1). According to the 
first iteration, node 2 alone is displaced toward the unilateral constraint. Thus, the next step will introduce the 
unilateral constraint in node 2. According to the second iteration, nodes 3 and 4 are displaced toward the unilateral 
constraints. The displacement of node 4 exceeds that of node 3, which means the unilateral constraint in node 4 will 
be involved into the work earlier than the constraint in node 3. The analytical model for the third iteration includes 
the record of operation for the two unilateral constraints in nodes 2 and 4. According to the third iteration, unilateral 
constraint in node 3 is not involved into the work as the node is displaced in the direction opposite to the unilateral 
constraint. 
Table 1. The results of the calculation 
 Displacement of nodes 
 Node 2 Node 3 Node 4 
Iteration 1 -0.1003624 m -0.2030319 m -0.0636012 m 
Iteration 2 0 0.0462762 m 0.3346525 m 
Iteration 3 0 - 0.0758959 m 0 
 
The responses in the unilateral constraints in nodes 2 and 4 are determined basing on the equilibrium condition: 
2 2 7 9
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The efficiency of the suggested analysis method is assessed through the comparison of the obtained solutions with 
the analytical ones given in [19, 20]. 
Table. 2. The comparison of the calculation results 
 Classical mixed FEM analysis Analytical solution Accuracy, % 
Constraint response in 
node 2 
3.8070404 t 3.7872 t 0.52 
Displacement of node 3 - 0.0758959 m - 0.0772 m 1.69 
Constraint response in 
node 4 
- 0.5238982 t - 0.5302 t 1.18 
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4. Conclusions 
Thus, the results of the problem solution through the classical mixed FEM are accurate and require fewer finite 
elements to be considered as compared to the displacement-based FEM. According to [20], the solution of this 
problem with the use of the displacement-based FEM relied on 13 nodes and 15 FEs, while the solution of the same 
problem through the classical mixed FEM required the consideration of 4 nodes and 3 FEs. 
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